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Abstract. The objective of this paper is to study two-dimensional steady capillary-gravity waves on the interface
between two immiscible, inviscid and incompressible fluids of constant but different densities bounded by two
horizontal rigid boundaries with small symmetric obstructions of compact support at lower and upper boundaries.
The derivation of the forced K-dV equation, which has been extensively studied in the literature for a single-layer
fluid, fails for a two-layer fluid when the density ratio of the two-layer fluid is near the square of the depth ratio. By
a unified asymptotic method, a forced modified K-dV equation is derived and new types of steady solutions are
discovered. Numerical results of various solutions are also presented.

1. Introduction

In this paper, we consider two-dimensional flow of two immiscible, inviscid, and incompress-
ible fluids of different but constant densities with surface tension at the interface and
bounded by two horizontal rigid boundaries. Assume that two two-dimensional objects are
moving at some constant speed c along the upper and lower boundaries. A coordinate
system moving with the objects is chosen so that the objects are stationary and the speed of
the two-layer fluid is c far upstream. Now the problem is reduced to the steady flow of a
two-layer fluid past obstructions at the boundaries.

First let us briefly review the steady flow of a one-layer fluid under gravity past an
obstruction in the absence of surface tension. Numerical studies of steady flow past a
semi-circular obstruction were carried out by Forbes and Schwartz [1], Vanden-Broeck [2],
and Forbes [3]. They discovered two critical values F_, F+ of the Froude number F = c2 lgh,
where g is the constant gravitational acceleration, h is the constant depth of the fluid far
upstream, F < 1 and F+ > 1. For F < F, there exists only one branch of solutions of the
free surface elevation (x), which is almost zero behind, but periodic ahead, of the
obstruction. In F_ < F < F+, there exists no steady flow. For F> F+, there exist two
symmetric solutions of the solitary-wave type. One approaches the uniform flow far
upstream and the other approaches the solitary wave solution for a fluid with constant depth,
as the obstruction size tends to zero. There also appears another type of solution, which is a
hydraulic fall connecting two constant states at x = --t. An asymptotic theory for small-
amplitude steady flow past an obstruction has been developed by Shen, Shen and Sun [4] and
Shen [5] and the model equation governing the flow is the Forced Korteweg-de Vries
equation (FK-dV)

m'7qx + mwqx + mx + xxx = bx(x),

where x is the horizontal distance, m, ml, m2 are constants and z = b(x) is the equation of
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the obstruction. Many results obtained before can be recovered by the solutions of the
FK-dV. Justification of the asymptotic theory has been given by Mielke [6], Shen [7] and Sun
and Shen [8].

For the problem considered here, a FK-dV can also be derived. However, besides the new
Froude number F, we have three more parameters in our problem, the depth ratio h, the
density ratio p and the Bond number 7, a nondimensional surface tension coefficient. When
p = h2, m' vanishes and the derivation of the FK-dV fails. To overcome this difficulty, a
unified asymptotic method is developed and a forced modified K-dV equation (FMK-dV)

mo7+ mx 27 + m + 2xx = bx(X) ,

is obtained if we assume that the upper obstruction is zero and lower obstruction is z = b(x)
which is a positive symmetric function of x with compact support. The objective of this paper
is to study possible solutions of the FMK-dV.

This paper is organized as follows. In Section 2 we formulate the problem and derive a
FMK-dV equation by means of a unified asymptotic method. In Section 3, there are two
sections. In Section 3.1 we study the case > To but not near r and consider the subcritical
and supercritical cases separately. Several existence theorems are proved and numerical
results are also presented. In Section 3.2 we assume < To but not near To, and study the
subcritical case. An existence theorem is proved and numerical results are given. In Section
4, a detailed summary of our results is given.

2. Derivation of the modified K-dV equation with forcing terms - FMK-dV

We consider an irrotational flow of two immiscible, inviscid and incompressible fluids of
different but constant densities p*-, where + correspond to the upper and lower fluid
respectively, with surface tension T* at the interface and bounded by two rigid boundaries.
Since a two-dimensional object at the boundaries is moving with a constant speed c, we
choose a coordinate system moving with the object so that in reference to the coordinate
system, the object is stationary and the fluid flow becomes steady with the speed c of the
two-layer fluid far upstream (Fig. 1). Then the equations of motion and boundary conditions
are:
in 1*-,

UX. + WZ. =0, (1)

U* a + w ~UIF = -PxP* p (2)

U* Wx + wz =-p z p* -g; (3)

at the interface z* = 7*,

U*71x*- W* = 0, (4)

p*+ - p*- = T*x*.*(1 + (77* )2)3I2 p. ~.~./(l~tnX*) J (5)



Capillary-gravity waves 195

c___4 f2'
+
, -co < X < ,p'+ < p-

= ()

C

Q-, - > < < P, -

Fig. 1. Fluid domain.

at the rigid boundaries z* = H*-(x*),

w * - u * H* = 0. (6)

Here (u*-, w * ) are velocities, p± are densities, p*± are pressures, g is the gravitational
acceleration constant. Now we need to nondimensionalize these equations (1) through (6),
and let L be the horizontal scale length and H = IH*-(-oo)I be the vertical scale length by
assuming that H*-(-oo) exists. Assume that = HIL 1, which is so-called long wave
assumption, and introduce the following nondimensional variables:

(x, z) = (x* L, z*lH), (u, w) = (*, E-W*),

7 = e- 77*/H, p = p*±/gHp*, T = T*/p*-gH2 ,

p = p-*/p-*, ho = H*IH .

In terms of them, (1) to (6) become:
in -,

Ux + w =0, (7)

u u + u' = -/ ,

I

Z = H'-

(8)
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e2u-*w; + e2w-tW; = _-pZ /p -1; (9)

at the interface z = eb,

eu-77 - W =0, (10)

P+ -P- = 2Trxx/(1 + E4 )3/ ; (11)

at the rigid boundaries z = ho,

w - - h = 0, (12)

where p- =1 and p+ = p. Then we let h(x)= h - + 3b-(x) with the conditions that h- are
constants, h- =-1, h = h+, and b(x) have compact supports.

In the following, we use a unified asymptotic method to derive the equation for 7(x).
Assume that u, w and p possess an asymptotic expansion of the form

+(x, , ) 0 + e + 2(2 + ,

with u (x, z) = u , = constant, po = -p-z and wo = 0 and use the condition

EU 'x- W = eU-* - - , (13)

at z = en instead of the condition (1). Substituting the asymptotic expansions of u, w, p into
(7) to (9) and (11) to (13), and comparing orders of e, we can obtain a sequence of
equations and boundary conditions for the successive approximations of the equations (7) to
(9) and (11) to (13). The first order approximation is:
in h- <z <0 and 0< z <h +,

ul + w z =0, (14)

UoUx = -PxP , (15)

= 0, (16)

at z = 0,

- w- = O, (17)

p - + (Po -Poz) = , (18)

at z = h,

w, = 0. (19)

(16) implies that p- are functions of x only. We express p' =f±(x), and from (14), (15),
and (19), it follows that
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wl = (z - h)f x (x)/(uop±) . (20)

From (17) and (18), and using that fact that 71x=_ = 0, u I=- = Al, we obtain

f- = ((h+l(uop+))(p+ - p-)l(h-/(uop-) - h+l(UoP+))) , (21)

Pi = c 71, (22)

c = h+(p- - p+l(p + h+), c[ = c[ + (p+ - p-),

ut = (-c- 7l/Uo P -) + A , (23)

w' = (z - h-)c rlx/(uo p-) . (24)

By using a similar method, we can find the expressions for

u2 (x, z), w 2 (x, z), P2(x, z), u3(x, z), and w3(x, z)

with u2(x -oo) = A. Note that here to find u' (x, z), w(x, z), p (x, z) for i= 1, 2, 3, we
only use the equation (13) instead of (10). (10) holds if we let, at z = er7,

eu-*l - w- = 0. (25)

From (25) and the asymptotic expansion of u-, w-, we have at z = 0,

u0 71x - w[ + E(U-1
1i77- q77W1 - W 2 )

+ e2(u2 ,x + /xUz - W[=z*2 + 77W2 - w3) + O(e3 ) = 0 . (26)

We call u0 the critical speed if the zeroth order term of (26), uorx - w[, vanishes. Thus

U = h(1 - p)I(p + h). (27)

Then put u,, wi, i= 1, 2, 3 into (26) to have the following equation for */(x),

2A, rx + 3(1 - p)(p - h2 )/(Uo(p + h)2)rrT0

+ e(A1 7x + A2 nr7x + A 3 I2 lx - uobx - (uobx - uob +/uo + A47xxx)

= 0( 2 ), (28)

where

A l = 2A-A 

A 2 = (5 + 3p(p - 1)(1 + h)(p + h)-2)A,

A 3 = 6p(l - p)(1 + h)2 /(uo(p + h)3 ) > 0,

A4 = huo(3T/uo - (1 - ph))/3(p + h) .
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If we used the long wave approximation as discussed in [4] and [5], we would obtain the
forced K-dV equation

2A, r + 3(1 - p)(p - h2)/(Uo(p + h) 2 ),/xq

+ (huo(3Tlu - (1 - ph))13(p + h)).xxx = uobj + (uob - uobx)/Uo.

The nonlinear term in this equation becomes zero when p = h2 . Thus the forced K-dV
equation studied in [4] and [5] fails when p is near h2 . Since the case for p not near h2 has
been studied in [4] and [5], in the following we assume p = h2 + Er 2 and c = u0 + 2A which
implies A, = 0 and is the critical speed to have the long wave approximation. Finally we
obtain the so-called forced modified K-dV equation (FMK-dV);

2ABqx + A32 - u0b - (uobx -(o b - ob) /U + A4xx = .

As observed from the above equation, if bx = (u0 + 1)bx, the effects due to b+(x) and b-(x)
cancel each other. We assume both b+(x) and b-(x) are symmetric functions with compact
support. For simplicity, we may just consider the case b = 0 and b-(x)# 0 so that the
effects of b+(x) and b-(x) will not cancel each other. Then after omitting higher order terms
the equation (28) becomes

2Arx + A3r ,27x + A4qxxx = Cbx(x) (29)

where C = uo + 1.

3. Forced modified K-dV equation

Let = Tlu. We divide this section into two parts according to > To = (1 + ph)/3 and
T < T0 .

3.1. Assume T > To but not near To and rewrite (29) as

qxx = -ali 7x + + a3 bx (30)

where

a, = 6p(l - p)(l + h)2/(hu2o( - T)(p + h) 2 ) > 0,

a2 = -2A(p + h) (huo(- To)),

a3 = (u0 + l)(p + h)/(hu o(T - To))> 0.

Integrating (30) from - to x gives

71x = -al 13/3 + a2 q7 + a3 b(x) . (31)
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When b(x)= 0 and A<0, the equation (31) can be solved directly and a solitary wave
solution of the modified K-dV equation [9] is given by

7(x) = +(-2Au0(p + h)3 /(p(1 - p)(1 + h)2 )) /2 sech((-2A(p + h)/(huo(T - To)))/2x) .
(32)

In this section, we shall assume b(x) 0 and consider two cases, A < 0 and A > 0.

Case 1. Subcritical case A < 0 (a2 > 0)

We look for a solution 7(x) such that A < 0 and

lir 71drl) (x) =0 for j = 0, 1, 2.

Integrating (30) from - to x, it follows that

a2 7- 71x = al, 3/ 3 + b,(x), (33)

where b,(x)= -a 3b(x).
It is not difficult to show that (33) has a symmetric solution which decays exponentially at

Ixj = for large a2 analytically by using contraction mapping theorem and this solution will
go to zero as b(x) tends to zero [10].

Assuming b(x) = 0 for x > x+ and x < x_ with x+ > x_, we shall construct all solutions of
the equation (33) in the following ways. First find appropriate solutions for x > x+ and
x < x since in these regions b(x) = 0 and we can find the exact solutions of (33). Then by a
matching process at x = x+ and x = x_ and using numerical computation, we can obtain a
solution for all x.

First we attempt to find a periodic solution of (33) when b(x) = 0. Assume tO(x) and 7x,(x)
are given at some point x = x0 and 7(xO) = a, x (xo) = /3. We multiply q7x to (33) and
integrate the resulting equation from x0 to x > x0 to have

(-lx()) 2 = -a,1 q4 /6 + a2r/2 + d = f(rl)

where d = p2 + a, a4/6 - a2a2 . To find the solution of this equation, we consider the cases
d > 0, d = 0, and d < 0 separately. If d > 0, f(7) can be factored as

f(7) = (-al/6)(12 - 0o)(12 - ),

where,

3a2 + 3Va2a + 2ad/3

a,

3a2 - 3a 2 + 2aid/3

awith Hence

with l < 0. Hence

71 = 2 cos ,
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where

y(x - xO) = o (1 - k2 sin2 0 ) "i2 d O, 0 = cos-'(a /2),

y= (a,( 0 - 1)/6) 1/ 2, k2 = ~o/(fo - ) < 1.

It is clear that dx/dO > 0. Hence 7(x) intersects the x-axis repeatedly. Suppose xij is the
set of points where -(xi) = 0 for all i and x o ~ x x < x 2 < x 3 < .... Then by assuming xi as the
corresponding point of = 2nT + rT/2 for some n E Z,

•xi f2nwr+5ir'2

i nt(x) dx = J2n'+/2 (f0)1/2 cos O(dx/do) do

2nr +5 /2

= 2n'+'/2 (0) 1/2-1 cos (1 - k2 sin 2
o()-

1 / 2 d0)

O= '/ r sin 0(1 - k 2 cos2 )-2 d&

= 5Tl2fY- J sin 0(1 - k2 cos2 4)" 2 d = 0.

Hence the mean value of this solution q(x) over one period is zero. If d = 0, (33) has a
solution in the following form,

(x) = +(-2Auo(p + h)31(p(1 - p)(l + h)2 ))"x 2 sech((-2A(p + h) (huo( - ro)))/2x) .

If d < 0, a + 2axd/3 > 0 and f(rl) = 0 has two distinct roots. In this case, we multiply 42 to
(33), to obtain

(Vx) 2 = -2alv3/3 + 4a2v 2 + 4dv = g(v), v = _/2 (34)

f(v) = 0 has three different roots

3a2 + 3Va 2 +2add/3 3
al

3a2 - 3Va2 + 2ad/3
al

g2 = ° 0 > > > 62

The solution of (34) can be expressed as

v = 0 cos
2
2 + E1 sin

2 b ,

where

(y)l"2x = (1 - k2 sin 2 0) - 1 2 dO
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r = 3(0 - 02)/3 > 0, k2 = (f - )/(f - 2) < 1.

It follows that 7 = - + ( cos 2 r + (I sin2 r) /2 . If a2 + 2ald/3 = 0,

(v) 2 = -alv(v - 3a 2 /al)2 .

Therefore the only possibilities are v = 0 or v = 3a2 / a1 i.e. 77(x) 3 0 or (x) - -+(3a2/a1 )' /2 . If

a2 + 2ald/3 < 0,

(Vx) 2 = -alv(y2 + (v- 8 )2) for some y, .

Hence only - 0 is possible. Therefore we can find all solutions analytically for (33) with
b(x) = 0. But when x approaches to -, we assume that 71 tends to 0. Thus only 1- = 0 or
d = 0, which corresponds to a solitary wave solution, is possible.

Now we need to prove the existence of the solutions of (33) in x_ x - x+. In the
following, we show that for any initial values of a solution at x = x_, the solution always
exists in [x_, x+] and is a C2-function. Thus by a numerical computation, we can always find
the solution in the interval as accurately as desired. The error estimates for many numerical
methods to compute the solution of an ODE require the boundedness of the solution. We
state the theorem and prove the boundedness of the solution.

THEOREM. qxx = -a173/3 + a27 - b(x), a, a2 >0, with initial data (x_)= a and

Ix,(X_) = /3 has a C2 -solution for x_ x x.
Proof. It suffices to show that -1 is bounded. For simplicity, we can assume x_ =-1,

x+ = 1. By multiplying *ix to the given equation and integrating it from -1 to x,

(*ix) 2 = -(a,/6)i74 (x) + a27
2(x) + (71(-1))2 + (a,/6)((-1))4

- a2(i1(-1)) 2 - 2 fx nbl(t)*'(t) dt

= -(a/6)(*2 - 3a 2 /a1)2 + 2 + (a1/6)a 4 - a2 a2 + 3a2/(2a) -2 J bI(t)'q'(t) dt.

Hence

(*x)2 -- N + 2 Ib,(t)7'(t)l dt < N + j (81bl(t)12 + Ii'(t)12/8) dt, (35)

by Young's Inequality, where N = 32 + (a 1/6)a 4 - a2 a2 + 3a2/2a, and '= d/dt. Suppose 
is not bounded in [-1, 1]. Then there exists a point x0 E[-1, 1] such that IiI--, as x
approaches x0. Then x0 > -1 + e for some e > 0 by the existence theorem in the theory of
ordinary differential equations. Let x0 = inf,{ E [-1, 1] I Ilimx_ -(x)I = co}. Choose 8 so
that -1 < 8 < x0 . Then the solution of the given differential equation exists in [-1, ], and
by (35), 7(X)2<(1/8)(6+l)sup _l<t(li7(t)12 +16M2)+N for xE[-1, 8]. Hence
sup_<xL X 1%x(x)l 2 < 16M 2 + N/(1 - (8 + 1)/8) < 16M 2 + 8N/7 for every 8 with -1 < < x0 .
Thus 7'(x) is bounded when x E [-1, x0], and q7(x)= a + fx 1 q'(x)dx is bounded which
contradicts to 17(x)l xo as x-- x0. Therefore, we can conclude that (x) is bounded in [-1,
1] and the solution of the given equation exists.
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We have shown that the solutions of (33) always exist for x E IR and are bounded. Since we
assume that -7(--) = 0, only two types of solutions, q7(x) = 0 and solitary solutions, can
appear for x < x_. In the following we use numerical computation to find various solutions of
(33) when the bump b(x) is given by b(x) = R(1- X2)1/ 2 for xI 1 and b(x) = 0 for Ixl - 1
where R is a given positive constant. We divided these solutions into symmetric soliton-like
solutions and unsymmetric solutions.

(1) Symmetric soliton-like solutions
Let

,7(X) = +D sech((-2A(p + h)/(huo( - T)))l/
2

(X - X)),

D = (-2Au 0 (p + h)3 /(p(1 - p)(l + h)2 ))"' 2 , (36)

where x is a phase shift. To find a solution in xl - 1, we need only consider (33) in
-l1-x<-0 subject to (i7'(x))2 = -a,7q4 l6+a 27q2 at x= -1 and q'(x)=0 at x=0. This
problem can be solved numerically by a shooting method and the phase shift x is then
determined by (36) for x = -1. The numerical results are presented in Figs. 2 and Fig. 3. In
Fig. 2 we show the relationship between A = 7(0) and where R = 1. Three typical
soliton-like solutions corresponding to A = -3.0, R = 1.0 are shown in Fig. 3.

(2) Unsymmetric solutions
Assume -7(-o) = 0 and r7 is periodic ahead of the bump. We
one is 7 = 0 and the other is

have two choices for x < -1,

r(x) = D sech((- A(p + h) /(huo( - T)))1/ 2(X - XO)),

D = (-Au0 (p + h)3 /(p(1 - p)(1 + h)2 )) 1/2 .

-3

(37)

.1

Fig. 2. Relationship between 1(0) and A with T= 3, p = 0.25, and h = 0.5. 1. Positive Solitonlike solutions. 2.
Positive Soliton solutions without forcing. 3. Negative Solitonlike solutions. 4. Negative Solitonlike solutions
without forcing.

.:

*;

.2
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-2 0 2 Z

Fig. 3. Symmetric Solitonlike solutions with T = 3, A = -3, p = 0.25, and h = 0.5.

Since we have established the existence of a solution of (33) for [x_, x+] and derived the
possible solutions of (33) in [x+, o) for any values of 7(x +) and r'(x+), we can solve (33) by
Runge-Kutta Method and use (37) or zero for (-c, -1].

We present the numerical results of this case in Figs. 4-6. Figure 4 shows the second type
solutions which have (37) as their solutions in (-c, -1]. In Fig. 5 we show the relationship
between ,7(0) and A when b(x) = (1 - X2) 12 for different values of q7(-1). We also consider a
third type solution which is zero for x < -1 and periodic for x - 1. A typical solution
corresponding to A = -2, b(x) = (1- X2 )11/ 2 is presented in Fig. 6.

2-

1-

0-

.1 -

I I I I
0 5

Fig. 4. Typical second type solutions with A = -3, T= 3, p = 0.25, and h = 0.5. 1. Mean
obstruction. 2. Mean depth is not 0 behind the obstruction.

depth is 0 behind the

17(Z)

_. 

q(X1)

.A -

I
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2-

1-

0-

-1-

I I 2
-2 CO 2

Fig. 5. Relationship between ir(0) and A for different ql(-1) with T= 3, p = 0.25, and h = 0.5. 1. (-1)= 0.5 and
1ix(x) >0. 2. 7(-1) = 0.5 and 71(x) < 0. 3. 71(-1) = 0 and *Ix(x) = 0. 4. ir(-1) = -0.5 and (x)> 0. 5. ,r(-1) = -0.5
and 7ix(x) < O.

0 5 o10 

Fig. 6. Typical third type solution when A <0 with T = 3, A = -2, p = 0.25, and h = 0.5.

Case 2. Supercritical case A > 0

Similar to the method used in case 1, we first consider homogeneous equation

?7, = -a r313 + a71, (38)

with a > 0, a2 < 0 since A > O0. The bounded solutions of (38) can be found explicitly by
using elliptic functions. We assume x_ = -1 and x+ = 1. Let (1) = a and 7,(1) =3,. We
multiply 71(x) to (38) and integrate the resulting equation from 1 to x > 1 to obtain

3.

(o)
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(,/(X))2 = -(al/6)7/4 + a2r 2 + d

= -(al/6)(_q2 - 50)(2 - 1) (39)

where

d = /32 + (a 1/6)a 4 - a2 a2 >0,

= 3a2 + 3a + 2add/3 >0
al

3a 2 - 3a+ 2ad/3 <0

a1

The solution of the equation (39) is given by

1 12 COS
71= (l2 cos 4,

where

y(x - x 0) = (1 - k2 sin o)2 d, 0 = cos -(a0 1 12 ),

y = (al(6 0 - El)/6) 1 /2 , k 2 = 0o/(e - 1) < 1 .

Thus for any a and /, a solution of (38) is periodic. We can show that the mean value of 7
over one period is zero by a similar method as in case 1. For x < -1, the only solution is
77(X) = 0 since ,(-c) = 0.

Also as in case 1, we can show that if q7(-1) and 7/x(-l) are given, then

*lxx = -a l 3 /3 + a2 ql - b(x), (40)

has a bounded C2 -solution in [-1, 1].
Having established the existence of the solution, we can find the global solution of

rt~ = -a 73/3 + a2r7 - bl(x) by using a shooting method to connect zero solution behind the
bump and periodic solution ahead of the bump. We present the numerical result in Fig. 7,
where b(x) = (1 + X2 )1 /2 for Ix] < 1 and b(x) = 0 for Ixl > 1, and A = 1.0.

3.2. In this section we consider (29) for the case r < To but T is not near To. If we let the
support of b(x) be in [x_, x+] and integrate (29) once, by ,7(-)= xM(-C) = 0 we obtain

7Ixx = A1 3 - A2/ + a3 b(x), (41)

where

Al = 6p(1- p)(1 + h)2/(huo2(T - T)(p + h)2 ) >0,

A2 = -2A(p + h)l(huo(To- T)),

a3 = -(u 0 + 1)(p + h)/(huo( o0 - T)<0.

First let us consider the case A < 0, that is, A 2 > 0. When b(x) = 0, we consider an initial
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o.

-0.

Fig. 7. Typical third type solution when A > 0 with T = 3, A = 1, p = 0.25, and h = 0.5.

value problem for (41) with initial value (x+) = a, (x+) = /3. Then by integrating it from
x+ to x>x+,

(n*x()) 2 = (A 1/2)7,(x) 4 - A 2 /(x)2 + d where d = /2 - (Al/2)a4 + A 2 a2 . (42)

If a = 3 = 0, then (42) has the trivial solution (x) 0. If A2 - 2A ld = 0, then (42) has a
solution (x) = +(A 2/A 1)

1 / 2 tanh A 2x/2. If A2 - 2Aid >0,

(Al/2)X(x)
4

- A2 (X)
2 + d = (A1/2)(_

2
- 0)(7

2
- 1)

where

G = A 2 /AI + (A2 - 2Ald)2/A1 , 1 = A 2 /Ai - (A 2 - 2Ad)1 /2/ A 1
.

Hence, the solution of (42) is the following: When , > (l > 0, 7(x) = l/2 sin , where

(A o2)l/2(X - X+) = A(1 - k2 sin 0) -/2d,

4>o = sin-' (a 1 1/2 ) , k2 = El/G0 <1 .

This solution 7(x) tends to 0 as ---> 0+. When > > , (x) = o/2 cos 4, where

y(x - x+) = (1- k2 sin O)-1/2 d , y = (Al( 0 - -1)/2) 1 /2

40 = cos-'(a O1/ 2) , k2 = 60/(6o - l) < 1.

This solution 7(x) tends to (2A 2/A)l/2 sech(A/ 2 x - ), where is a phase shift de-
termined by initial values, as l 0-. If A 2 < 2A d, ,x(x) = +(d + (A,/2)(7 2 (x) + cl) 2)1 /2

for some d > 0 and the solution is unbounded.



Capillary-gravity waves 207

To find the solution of (41) in [x_, x+], we can use the contraction mapping theorem to
show that if -A is large enough, (41) has bounded C2-solution in [x_, x+]. Hence, by using
the matching process as before, we can find the solution for all real x.

Next we consider the case for A >0, that is, -A 2 is positive in (41). Let us study the
following equation:

7xx = A 1r3 - A2T, A > , -A 2 > 0, (x+) = , nX(x+) = . (43)

We integrate (43) from x+ to x > x+ to obtain

7)x = (A /2)r 4 - A2 2 + d,

where d= 32 -_A a 4/2+A 2 a2. Also if -r(x)=a,, Y7x(xo)=3, then d=32-A,ca4/
2 + A2 for all xo, x+. If d > 0, then 7(x) d for all x x and hence (x) diverges.
Also if d 3 0, then 77 0 unless -7-= 0. Therefore without loss of generality, we assume that
q(x) > 0 for all x > x+. By (43), ,,xx(x) > 0. Thus /x (x) increases with x and qx (x) O0 by
boundedness of 7(x). Hence q7,(x)--> and yix(x,)-->O for some x,- ->, and
*7(x)--constant 0 as x- - . Then by (43) again i/(x,)- 0 which means d = 0. If d = 0,

(x) = (2A 2/A, - (2A 2/A 1 )(1 + y2 f(x))/(1 - y 2f(x))1/2

f(x) = exp(-2(- A 2 )1 2(x - x+)),

where y = ((a 2 -2A 2 /At) 112 - (-2A2 /A)l'/2)/a. We can easily see i/(x) tends to 0 as x--
in this case. By a numerical calculation we find that if x_ = -1 and x+ = 1 with b(x) as
before and r7(-1)= 7/x(-1) = 0, then d is always positive and no bounded solution exists.

The numerical results of these cases are given in Figs. 8 to 12. In Fig. 8 a hydraulic fall
solution is given, which is a limiting solution of Fig. 9, where a typical periodic solution is
presented. Figure 10 presents a one-hump solution which is another limiting solution of Fig.
9. Figures 11 and 12 show multi-crest solutions which take place as A decreases.

-1 0

Fig. 8. Hydraulic Fall solution with T= 10 3 , A = -2.165817, p = 0.25, and h = 0.5.
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0.2-

0-

-0.2-

-0.4-

I I I I
-2 0 2 4 Z

Fig. 9. Typical third type solution when -< with T= 10 3, A = -3, p = 0.25, and h = 0.5.

Fig. 10. Symmetric solution with one crest with T= 10 3, A = -2.26245, p = 0.25, and h = 0.5.

4. Conclusions

Our results are summarized as follows:
The forced modified K-dV equation (FMK-dV)

2Arl + 6(p(1 - p)(1 + h)2 /(u0(p + h)3))_72__ + huo((T - T0o)/(p + h))7xx,, = (u0 + )bx(X) ,

which describes the long wave approximations of the solutions of exact equations for a
two-layer fluid in the critical cases with p near h2, possesses the following possible solutions.

I )
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Fig. 11. Symmetric solution with two crest with T= 10-3 , A = -4.457567, p = 0.25, and h = 0.5.

0

-0.05

-0.1

-4 -2 0 2 4 x

Fig. 12. Symmetric solution with three crest with T = 10 3, A = -9.128716, p = 0.25, and h = 0.5.

1. r> o

Case 1. Subcritical case A < 0
There appear three types of solutions. The first type consists of symmetric solitary wave
solutions which tend to zero as Ixl . For each A less than some critical value, there are
always three one-crest solutions, one with positive amplitude and the other two with negative
amplitude. The amplitude of the positive one-crest solution is larger than that of the positive
free solitary wave, while the amplitude of the negative free solitary wave is in between the
amplitudes of the two remaining negative symmetric solutions. Note that the modified K-dV
equation without forcing possesses two solitary wave solutions with different signs, which are
called free solitary waves. There are also positive two-crest symmetric solutions. However,
their numbers and amplitudes are very sensitive to the change of A and the size of the
obstruction and exhibit a rather chaotic behavior.
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The second and third types consist of unsymmetric solutions. The second type un-
symmetric solution possesses part of a free solitary wave behind, and a periodic solution of
the MK-dV ahead of, the obstruction. For any A less than some critical value, two solutions
can always be found corresponding to the same initial value -7(-x0 ) prescribed at the left
endpoint x = -x 0 of the obstruction support. The mean value over one period of the periodic
solution ahead of the obstruction is zero unless (-x, ) falls between the values of the two
negative symmetric solutions at x = -x 0 . The third type solutions are zero behind, and
periodic ahead of, the obstruction. The mean value of the periodic part of this solution is
always zero.

Case 2. Supercritical case A > 0
Only third type solutions appear and the mean value of the periodic part is always zero.

II. < o

Case 1. Subcritical case A < 0
As A decreases from A = 0, we can only find unbounded solutions until a cut-off value of A is
reached. At the cut-off value of A there appears a hydraulic-fall solution. As A decreases
more, the third type solutions emerge. However, we have discovered a rather surprising
result that at discrete values of A there are multi-crest solutions without a periodic part
embedded in the third type solutions.

Case 2. Supercritical case A > 0
There is no bounded solution for A > 0 numerically.

In summary we consider the physical problem of steady state flow past a positive,
symmetric body at the horizontal bottom of a two-layer fluid with surface tension at the free
surface. The derivation of the FK-dV fails when p = h2, and by a united approach an
MFK-dV is obtained. Two parameters appear in the equation and can affect its solution
behavior. One is the parameter A, a measure of the deviation of the flow speed at far
upstream from the critical speed u0, and the other is the difference T - T = T*. Mathemati-
cally we study different types of solutions which may appear in different regions of the A,
T*-plane. This investigation may help us understand the flow patterns under parameter
change in a two-layer fluid with obstructions at boundaries.
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